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I. INTRODUCTION
Quantum cosmology [1, 2] is one of the aspects explored in the quantum gravity program. Its application to the Universe as a whole takes place at very early times the universe was small indeed. For exemple, in the Planck time, about 10 −44 s after the Big Bang, its size was the order of 10 −33 cm suggesting that quantum effects dominated [3] . In general the quantum cosmological models are built considering a finite number of degrees of freedom in the presence of geometrical symmetry inherent to the universe. The quantization of a system subjected to these conditions is called quantization in a minisuperspace. Furthermore, with the quantum cosmology it is possible to study a real specific system in which quantum effects of gravity are fundamental. As the early Universe is the best of laboratories where different quantum theories of gravitation can be tested, quantum cosmology has as one of its motivations to serve as a powerful auxiliary tool in the construction of a final and fundamental quantum theory of gravity.
Considering only the cosmological point of view, quantum cosmology plays an important role in solving a serious problem of the standard cosmological model: The existence of an initial singularity.
Mechanisms such as quantum tunneling used in more simple cosmological models or in sophisticated approaches such as volume quantization provided by the loop formalism are examples of consistent solutions of this problem [4] . In addition, the theory allows us to establish the initial conditions for inflation, for primordial perturbations and for spontaneous symmetry breaking [5, 6] . That is, the quantum cosmology is a theory of initial conditions. Minisuperspace quantization is a reasonable approximation to describes certain quantum gravitational effects. It is expected however that the inclusion of other degrees of freedom in the problem must refine the results obtained and lead to a more accurate description of the phenomenon studied, even lead to additional technical complications. This addition of new degrees of freedom can be done in several different ways. In the hydrodynamic description of the material content, consistent and obvious way to refine the description of the Universe is to use not just one but two fluids [7, 8] .
In this paper we choose stiff matter (α = 1) and radiation (α = 1/3) as matter content, which play an important role in the early Universe. The energy density of this fluid in the cosmological gauge (N (t) = 1) is proportional to 1/a(t) 4 . As the energy density of the stiff matter [9] , in the same gauge, is proportional to 1/a(t) 6 , there must have been a time before the radiation in which the stiff matter dominated. In fact, the abundance of particles produced after the Big Bang due to expansion and cooling of the Universe is an implication of the presence of this fluid with α = 1 at this stage [10] [11] [12] [13] [14] [15] [16] .
The material content is treated here according to the Schutz formalism [17, 18] . With this description we can make the degrees of freedom of the fluid plays the role of time in the theory, transforming the Wheeler-DeWitt equation, which governs the dynamic behaviour of the system, in a Schrödinger-like equation whose solution is a time-dependent wave function, among other variables. So the complex problem of the absence of a variable linked to the time evolution in quantum gravity is solved giving to time a purely phenomenological character leading to a welldefined Hilbert space structure. This paper is organized as follows: Section (II) presents the Schutz's formalism in a classical FRW cosmological model with stiff matter and radiation. The analytical evolution of the scale factor of the universe, a(t), is obtained. We emphasize that, since this point, time is introduced following the Schutz's formalism. We present next, Section (III), the quantum model and we obtain the equation that governs the dynamics of the model, the Wheeler-DeWitt equation, which is solved. A detailed discussion and summary of these results is provided in Section (IV).
II. CLASSICAL FRW MODEL WITH STIFF MATTER AND RADIATION DESCRIBED

BY THE SCHUTZ'S FORMALISM
We consider a homogeneous and isotropic Universe whose geometry is described by the FRW metric, which is given by
where N (t) is the lapse function, k is the space section curvature, which can assume the values −1, 0, 1 and a(t) is the scale factor of the Universe.
The action associated to the gravitational field is given by
in units such that (8πG/3) 1 2 = 1, R is the scalar of curvature of spacetime, h ij is the 3-metric on the boundary ∂M of the 4-manifold M and K ij is the extrinsic curvature. Replacing the metric (1) in (2) and using the ADM formalism of general relativity [19] , it's possible to write the gravitation
Hamiltonian like
We consider in this model a Universe whose material content is described by two fluids: stiff matter and radiation. To describe the dynamics of these fluids, we use the Schutz's formalism [17, 18] . The matter content will consist of a perfect fluid with pressure p, density of total massenergy ρ, and specific enthalpy µ. In this formalism, the 4-velocity is described from five velocity-
where only the specific entropy S has any direct physical interpretation. Moreover, ϕ and β are associated to rotational movements and are nulls in homogeneous and isotropic models. This 4-velocity is normalized like
and with this is possible to write the enthalpy in terms of the potentials
The Schutz's representation is associated to a variational principle whose action is especially
The pressure of the perfect fluid can be obtained from the barotropic equation of state p = αρ.
The basic thermodynamic relations of the fluid take the form [20] 
where T f is the temperature and Π is the specific internal energy.
If we write
we can identify T f = 1 + Π and
After a few mathematical steps, the energy density and pressure reduces to
If we use (6) and (10) in the matter action (7), it is possible to obtain the Lagrangian of the fluid
canonical variables
and
By means of the Legendre transformation
we obtain the matter Hamiltonian
This can be put in a more suggestive form by means of the canonical transformations
With this, the equation (16) 
is written in the form
So, the total Hamiltonian will be
Note that the Hamiltonian is linear in one of the momenta and it's possible to introduce the variable T as global phase time [21] .
The ADM formalism also shows that the lapse function N acts like a Lagrange multiplier of the system so that
where the symbol ≈ which means zero weakly.
We now consider two non-interacting perfect fluids. Then, we can write
At this point, we particularize to the radiation fluid, (α = 1 3 ) and stiff matter (β = 1) and we consider the case of null curvature (k = 0) so that the equation (24) can be write in the form
Using the Hamilton equations, we can writė
Let us choose t = T , so that N = a in (30). Then, T must be the conformal time, so that the role of time in the theory is realized by the radiation fluid. Using the gauge N = a, the Hamilton equations and the constraint equation (23), we can obtain the equation of classical dynamic for the scale factor aȧ
Note that comparing equation (32) 
where M Pl is the reduce Planck mass and ρ * s and ρ * r are the stiff matter and radiation densities when a = a * .
We can now integrate equation (32) 
Using equations (36) and (37) we can plot the scale factor a as a function of the cosmic time τ .
In Figure 1 we show the classical behavior of the scale factor for different values of stiff matter and radiation densities at a fixed point a * = 1. The scale factor growth rate is more sensitive to the stiff matter quantity, but since it value falls very rapidly the scale factor will approach very fast the behavior of a universe filled with radiation. In this scenario, the universe containing stiff matter and radiation is singular.
Of course, for small values of t e a, the classical formalism do not take into account the important quantum effects of this phase. It is therefore necessary to quantize the theory obtained.
III. QUANTUM MODEL
The quantum model is constructed making the quantification of canonically associated moments in equation (25) following the procedure proposed by Dirac [22] . The associated moments to a, T e σ coordinates arep 
The above equation have the form of a Schrödinger equation. This is a consequence of the Schutz's formalism used to describe the material content of the universe. Moreover, the scale factor of the universe is defined in the domain (0, ∞]. This means that the operatorĤ is not, in general, self-adjoint. So in order to have a unitary evolution, the domain ofĤ operator defined above must
). The function Ψ can be write in the form of a stationary wave, i.e.,
So
Separating variables, we can write
ψ(a, σ) = R(a)Σ(σ) .
Then,
We can adopt the solution of σ:
with n ∈ C and A constant. Then
We restrict the analysis to α = 1/3, β = 1 and k = 0 case. With the solution of (43), we can write the solution of (38) for the wave function Ψ as
with C and D constants. Submitting the wave function to the boundary condition Ψ(0, σ, t) = 0, we obtain
Although boundary conditions, the above wave function is not square integrable. It is therefore necessary to construct the wave packets in E and n. With this, the wave packet can be written in the form
If we do √ 24E = q and make the choice
we can construct the wave packet in E, which is written in terms of exponential functions
The above integral can be solved analytically e gives [23] Ψ n (a, ) > −1. The above integration can also be solved analytically if we do
where erf(x) is the error function (see Appendix). This type of function has no closed form and their values for different arguments must be obtained numerically.
According to the Figures 2 and 3 , it is easy to verify that Ψ(a, σ, t) → 0 when the scale factor vanish, a → 0, which is consistent with the imposed boundary conditions. In this case, defining the probability density P (a) = |Ψ(a)| 2 , it is noted that P (a) → 0 when a → 0 [24] so that the singularity, observed in the classical version, is avoided at this quantum model. 
IV. CONCLUSIONS
In this paper, we study the quantum FRW model with stiff matter and radiation and we solve the Wheeler-DeWitt equation in minisuperspace to obtain the wave function of the corresponding universe. The perfect fluid is described by the Schutz's canonical formalism, which allows to attribute dynamical degrees of freedom to matter.
In the classical model, the universe of null curvature expands forever from an initial singularity, as can be seen in equations (36) variables a, σ and t. The packet goes to 0 as the variables grow, but the decaying rate depends on the values of the third fixed variable and the free parameters γ and ξ. It is worth to note that in equation (49) the variable t appears many times accompanied by the parameter γ and σ by ξ. This fact can be used as a manner to regulate how fast the packet approaches zero for the directions σ and t. In Figure 5 we show the cross section of the wave packet and see how different combinations of values for the variables and the parameters can change the intensity and position of the peak, as the decaying rate. The dependence in relation to the free parameter is showed in Figure 6 .
The behavior of the wave packet, shown in Figures (2) and (3), makes it clear that Ψ(a, σ, t)
tends to zero when a tends to zero. Because of this, the probability density P (a) tends to zero when a tends to zero, so that the classical singularity is avoided, unlike what happens in the classical case.
As perspective to future work, the investigation of new scenarios containing other types of fluid is the natural way. It is hoped that this will highlight the role played by new degrees of freedom added to cosmological models, as well as contribute to the discussion about the quantization procedures applied to cosmology. 
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Appendix A THE ERROR FUNCTION
Error function erf x is given as [23] erf
There is a direct connection between the error function and the Gaussian function and the normalized Gaussian function, that are given by
respectively, where a, b are constants and σ is the standard deviation, sometimes called the Gaussian parameter a being the height of the curve's peak, b is the position of the center of the peak and σ controls the width of the bell.
With the substitution
we can integrated the normalized Gaussian function between −x and +x and obtain
since the normalized Gaussian is symmetric about the y-axis.
Some properties and approximations of the error function are erf (−x) = −erf x ,
erf 0 = 0 ,
erf (x * ) = (erf x) * where * denotes complex conjugation ,
erf ∞ = 1 ,
erf (−∞) = −1 ,
(−1) n x 2n+1 (2n + 1)n! ,
The complementary error function, commonly denoted erfc x, is defined by
Some special values, approximations and results of erfc x are erfc (−x) = 2 − erfc x ,
erfc (−∞) = 2 ,
erfc 0 = 1 , 
We show in Figure (7) the behaviour of the special functions treated here in this appendix. 
